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Co-operative microbuckling of two fibres 
in a model composite 
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Department of Macromolecular Science and Center for Applied Polymer Research, 
Case Western Reserve University, Cleveland, OH 44106 USA 

Cooperative fibre microbuckling, a compressive failure mechanism in unidirectional 
fibre-reinforced composites, was studied in a model system composed of two polyamide 
fibres in a transparent silicone matrix. The transparent matrix permitted direct observation 
of fibre microbuckling during compression. In all cases fibres buckled in a sinusoidal pattern 
with a critical wavelength characteristic of the fibre diameter and the modulus ratio of the 
fibre and matrix as observed previously with single fibre composites. At smaller separation 
distances, the two fibres microbuckled co-operatively in the common plane. At larger 
separation distances, the fibres microbuckled non-co-operatively in different planes. A stress 
overlap criterion based on the in-plane shear stress is proposed for co-operative fibre 
microbuckling. 

1. Introduction 
In compression, continuous fibre-reinforced com- 
posites often fail at a critical load by microbuckling 
[1, 2]. This instability limits the load carrying capacity 
of the system. Fibre microbuckling can also occur 
during high temperature curing if contraction of the 
matrix and fibres is significantly different [3, 4]. Fibre 
kinking, which is a shear failure mode of the fibre, may 
be closely related to fibre microbuckling. It has been 
suggested that kinks form in response to the bending 
strain in the microbuckled fibre [5]. It should be noted 
that microbuckling is not the same as Eulerian buck- 
ling, where an unsupported column under compres- 
sive load bows out as half a wave. Rather, for the case 
of microbuckling, the column is supported by a sur- 
rounding matrix or foundation and thereby buckles in 
many waves. 

The mechanism of fibre microbuckling for a single 
fibre in an elastic matrix has been previously investi- 
gated [6]. It was found that the microbuckling occurs 
as a sinusoidal deformation of the fibre. The critical 
wavelength of fibre microbuckling was shown to be 
linearly dependent on the fibre diameter and depen- 
dent on the quarter power of the modulus ratio of 
the fibre and matrix as predicted by the analyses of 
Sadowsky et  al. [7] and Darby and Kanellopoulos 
[8]. Single fibre studies do not address interactive 
effects between adjacent fibres as would be the case in 
a fibre-reinforced composite. Interactive effects are 
usually considered in terms of Rosen's [3] two-dimen- 
sional models for shear co-operative and transverse 
co-operative microbuckling modes. Attempts to test 

these two-dimensional models experimentally have 
confirmed only the shear co-operative mode [9]. 

The goal of this work was to investigate fibre inter- 
actions during microbuckling by synthesizing com- 
posites with two or three fibres. Use of a transparent, 
elastomeric matrix allowed direct observation of the 
fibres during compressive deformation.~ Different fibre 
volume fractions were simulated by varying the separ- 
ation distance between the fibres. 

2. Experimental procedure 
2.1. Fabrication of the model composite 
The model composite consisted of two polyamide 
monofilaments fibres aligned vertically within GE 
Silicones RTV 615, an optically clear elastomeric ma- 
terial. The mould used to prepare the composites 
consis tedof  a syringe cylinder or a segment of PVC 
pipe and a stopper for the bottom (Fig. 1). The fibre 
separation distance D and the parallel alignment of 
the fibres was controlled by looping the fibre around 
the rods that were inserted through the walls of the 
cylinder. To ensure good adhesion between fibre 
and matrix the fibre was treated with GE Silicones 
SS 4120 primer by dip-coating twice. The silicone 
matrix resin was thoroughly mixed with hardener 
in a 10:1 ratio and then placed in a vacuum to remove 
trapped air bubbles. The silicone was poured into 
the mould around a primed fibre which was held 
under enough tension to keep it' straight along the 
central axis. The composite was cured at 100~ for 
two hours. 
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Figure 1 Sketch of the mould used to prepare comPosites with 
parallel fibres. 

After curing, the composite was carefully removed 
from the mould, and the top and bot tom faces were 
cut parallel to one another to ensure good alignment 
for compressive testing. To avoid edge effects, cylinder 
diameters of 2 and 4 cm were used so that the fibre was 
a minimum distance of twenty fibre diameters from 
the edge. In order to prevent Eulerian buckling of the 
entire composite cylinder, a length to diameter ratio of 
about 2.5 was maintained. Composites with three 
fibres in an equilateral triangular array were also 
prepared in the above manner. In this case, the fibres 
were held in place in the mould by stoppers in the top 
and bottom which had holes for each fibre. 

2 .2 .  M e c h a n i c a l  t e s t i n g  
All mechanical measurements were conducted with 
an Instron ! ! 23 universal testing machine which was 
equipped with a compression fixture and an en- 
vironmental chamber for temperature control. The 
modulus of the polyamide monofilaments was affected 
by the methanol and ethanol solvents of the primer 
solution. Consequently, in order to determine the true 
fibre modulus in the composite, monofilaments were 
primed, embedded in the silicone matrix and cured at 
100 ~ for two hours, then carefully removed from the 
matrix. The modulus of these fibres was determined in 
tension at a strain rate of 4% rain-  t. The modulus of 
the transparent cured silicone rubber was determined 
in tension and compression at a strain rate of 
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1% rain- 1. Fibre and matrix moduli were determined 
at temperatures ranging from - 40 to 100 ~ 

The composite samples, which were compressed 
to a maximum of 6% strain at a strain rate of 
2% rain-1, were viewed from all sides by rotation of 
the compression fixture. Each sample was loaded in 
compression and unloaded twice to ensure that the 
microbuckling was reversible and reproducible. The 
tests were recorded with either a video or photo- 
graphic camera arrangement. Strain fields around the 
buckled fibre were recorded at ambient temperature 
using a polarized light source and analyser. A Cue-4 
image analysis system was used to analyse the photo- 
graphic images obtained from the microbuckling tests. 

3. Results and discussion 
3.1. Compressive fibre microbuckling 
The critical wavelength of the fibre at the instant of 
microbuckling, X0, was used to quantify the micro- 
buckling. A unique X0 describes each combination of 
fibre diameter and ratio of fibre modulus to matrix 
modulus [6]. The fibre modulus, Ef, measured at 
various temperatures is given in Table I. It strongly 
depended on temperature, and increased about eight- 
fold as the temperature decreased from 100 to 

- 40 ~ Both the tensile and compressive moduli of 
the cured matrix elastomer were measured. They were 
identical up to 6% strain, the maximum used in this 
study. As expected for a cured rubber, the matrix 
m o d u l u s ,  Era, decreased slightly as the temperature 
decreased from 100 to - 40 ~ as shown in Table I. 
The inverse temperature dependencies of fibre and 
matrix moduli produced a change in the modulus 
ratio, Ef/Em, from about 2200 at - 4 0  ~ to 200 at 
100~ a factor of 11 over a temperature range of 
140 ~ 

The sequence of fibre microbuckling for two paral- 
lel fibres is shown in Fig. 2. The first indication of 
microbuckling was the appearance of birefringence 
patterns around the fibres at about 1.5% compressive 
strain. Birefringence appeared around both fibres at 
the same instant indicating that they microbuckled 
simultaneously. Birefringence was only observed in 
the microbuckling plane where it extended outward 
from the fibre about six fibre diameters. The birefrin- 
gence pattern did not grow in size as the amplitude of 
the waveform increased. At the initial stage of micro- 
buckling, the amplitude of the waves was very small. 
With increasing compression, the amplitude in- 
creased, and it was possible to observe many waves 
along the fibres. When the load was removed the fibres 
returned to their original undeformed state. The pat- 
tern of the buckled fibres in all Cases was identical to 
that of a single fibre as described previously [6]; that 
is, buckling occurred in a single plane and the micro- 
buckling pattern was sinusoidaL The fibres in  Fig. 2 : 
both microbuckled in their common plane.' 

The critical wavelength of microbuckling, 2o, i.e. the 
wavelength at the instant of microbuckling, was deter- 
mined as in the previous study by averag~ngthe path- 
lengths measured at several compressive strains. 
Definitions of the pathlength and Xo are shown 



T A B L E I Comparison of critical wavelength for co-operative fibre microbuckling and single fibre microbuckling 

Temperature Ef E m Ef /E  m )~o/d )~o/d )~o/d )~o/d 
(~ (MPa) (MPa) One fibre Two fibres calc." calc. u 

- 40 2200 0.98 2250 20.4 • 2.0 21.0 • 1.7 19.1 19.4 
0 1960 1.02 1920 17.4 • 0.9 19.5 • 3.5 18.4 18.4 

25 1130 1.18 960 16.2 • 0.9 13.8 • 1.9 15.5 15.6 
50 640 1.24 520 13.3 • 0.5 10.3 • 0.5 13.3 12.9 

Calculated using the Darby and Kanellopoulos [8] analysis. 
b Calculated using the Sadowsky et al. [7] analysis. 

Figure 2 Sequence of fibre microbuckling for two parallel fibres with a separation distance D/d = 4 and a modulus ratio Ef/E m = 960. The 
compressive strain is indicated. 
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TABLE II  Observed microbuckling mode as a function of fibre 
separation 

S Fibre 
separation 
(D/d) 

3 1 
4 1 
4.5 1 
5 1 
6 1 
7.5 1 
8 1 
8.5 1 

10 5 
1 

teh iweZh=o f 11 2 
;% 1 

1 
1 
1 

15 1 
20 1 

1 
1 
1 

d 

Figure3 Sketch showing the fibre separation distance, D, the fibre dx 
diameter, d, the pathlength of a single wave which is equal to 20, and (mm) 
the angles, 01 and 02, which define the planes of the microbuckled 
fibres relative to their common plane. 

schematically in Fig. 3, and measured values of X0 are 
given in Table II for the range of modulus ratios used 
in this study along with the X 0 values for single fibres 
from the previous study. The measured values of 
X 0 are very similar for single fibres and two fibres. This 
indicates that microbuckling of two fibres also follows 
the analysis of Sadowsky et al. [7] which has been 
simplified by Darby and Kanellopoulos [8] to 

( E2 ~1/8 

= 8 62-mEm/ (1) 

where Gm is the matrix shear modulus and d the 
fibre diameter. This equation applies only for large 
modulus ratios. 

Composites with separation distances ranging from 
three to twenty fibre diameters were tested. Fibres that 
were close together were observed to microbuckle in 
the same plane; fibres that were farther apart micro- 
buckled in different planes. The wave patterns of the 
two fibres were always in phase as expected from 
the identical boundary conditions. The angles of the 
microbuckling planes with the common plane, 0t and 
02, defined in Fig. 3, were used to differentiate the 
modes of microbuckling. Fibres that were relatively 
close to one another were observed to microbuckle in 
the same plane (01 = 02 = 0 ~ as shown in Fig. 4. 
Microbuckling in the same plane is defined as co- 
operative microbuckling. At larger separation dis- 
tances the fibres microbuckled in different planes as 
shown in Fig. 5. The microbuckling is defined as non- 
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Number of 01 02 
specimens (degrees) (degrees) 

Mode 

0 0 co-operative 
0 0 co-operative 
0 0 co-operative 
0 0 co-operative 
0 0 co-operative 
0 0 co-operative 
0 0 co-operative 
0 0 co-operative 
0 0 co-operative 
0 15 transitional 
0 0 co-operative 
0 10 transitional 
0 15 transitional 

40 80 non-co-operative 
60 80 non-co -operative 
40 45 non-co-operative 
30 45 non-co-operative 
40 45 non-co-operative 
50 90 non-co-operative 
20 135 non-co-operative 

TABLE II I  Microbuckling of two fibres with different diameters 

d 2 D 01 02 
(mm) (mm) 

0.21 0.30 1.28 10 50 
0.21 0.30 1.80 0 75 
0.23 0.32 3.22 60 15 
0.21 0.30 3.22 45 15 

co-operative if both fibres microbuckle out of the 
common plane. The transition between the two micro- 
buckling modes occurred at fibre separation distances 
of about 10 or 11 fibre diameters for the modulus ratio 
of 960. A number of samples were tested at these 
separation distances and both co-operative and non- 
co-operative microbuckling were observed along with 
intermediate transitional behaviour. This latter was 
marked by one fibre microbuckling in the common 
plane and the other fibre microbuckling slightly out of 
the common plane ( 0 1  ~--- 0 ~ and 0 2 = 10 to 20~ These 
results are compiled in Table II for composites with 
a modulus ratio of 960. 

Composites with modulus ratios of 960 were pre- 
pared with two fibres of different diameters, dt and d2, 
and fibre separation distances as shown in Table III. 
When compressed, each fibre microbuckled in a differ- 
ent plane with its own characteristic X0; the observed 
values being in agreement with Equation 1. This oc- 
curred even when the fibres were relatively close to 
each other. A triangular array of three identical fibres 
was also tested. The fibres in this composite were 
arranged in an equilateral triangle with the fibres 
separated from one another by a distance of five fibre 
diameters. Fig. 6 shows the microbuckling behaviour 
of this composite. It is nearly equivalent to that of 
the two fibres that microbuckled co-operatively. The 
fibres buckled in phase with each other, and the 



Figure 4 Two-fibre composite with a modulus ratio Ef/Em = 960 under crossed polarizers at 6% remote compression showing co-operative 
microbuckling for Did = 8 with 01 = 02 = 0 ~ The schematics indicate the orientations of the microbuckling planes and the common plane. 
The co-operative microbuckling was viewed perpendicular and parallel to the common plane. 

microbuckling planes of the fibres were nearly parallel 
to one another  with two fibres in their common plane 
and the other in a parallel plane. This type of behav- 
iour for a three-dimensional array was also observed 
by Dale and Baer [4]. 

3.2. Models for co-operative microbuckling 
Historically, microbuckling of two or more fibres in 
composite has been discussed in the manner proposed 
by Rosen [3]. This two-dimensional model considers 
the two modes of co-operative microbuckling shown 
schematically in Fig. 7. The shear co-operative mode 
has the waves aligned, or in phase, with one another, 
and the transverse co-operative mode has the waves 
out of phase with one another. By comparing the 
compressive strength associated with each mode, the 
preferred mode at a given fibre separation can be 

determined. The shear co-operative mode compressive 
strength (~c.s) is 

(d4-D) Gm 
~ c , s  - D (2)  

and the transverse cooperative mode compressive 
strength (cro,t) is 

2d (d E~ Et~ 1/2 
o-c,~- d + ~ \  3D ] (3) 

Qualitatively it can be seen that the shear mode 
should dominate at small fibre separation distances, 
while the transverse mode should be preferred at large 
fibre separation distances. Using the modulus values 
for the polyamide fibre and silicone matrix, the com- 
pressive strength as a function of reduced fibre separ- 
ation distance, D/d, was calculated for the two modes. 
The results are plotted in Fig. 8. If only these two 
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Figure 5 Two-fibre composite with a modulus ratio Er/Em = 960 under crossed polarizers at 6% remote compression showing non- 
co-operative fibre microbuckling for Did = 11 with 01 = 40 ~ and 02 = 80 ~ The non-co-operative microbuckling was viewed perpendicular 
to one or the other of the microbuckling planes. 

modes are considered, the transition from the shear 
mode to the transverse mode is predicted at a fibre 
separation distance of about  21 fibre diameters. The 
experimental observations show co-operative micro- 
buckling equivalent to the shear mode at smaller fibre 
separations, as predicted. However, at a separation 
distance of 10-11 fibre diameters there is a transition 
to non-co-operative microbuckling, and the trans- 
verse mode is never observed. Rosen's model does not 
address non-co-operative microbuckling. 

A stress overlap criterion is proposed for the 
transition from co-operative to non-co-operative 
microbuckling. It  is assumed that fibres microbuckle 
co-operatively when the stresses generated by the 
microbuckling fibres overlap sufficiently. Consider 
two identical fibres infinitely far apart  in a matrix and 
apply remote compression to them. For  a given set 
of material properties, X0 is uniquely defined, for 
example by the equations of Darby and Kanel- 
lopoulos [8] and Sadowsky et aI. [7] so the 
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wavelength must be the same for both fibres. Further- 
more, because the boundary conditions are identical 
the two fibres microbuckle in phase. If there is no 
interaction between the two fibres, the probabili ty that 
they microbuckle in different planes is much greater 
than the probability that they microbuckle in their 
common plane. Each of the fibres generates a three- 
dimensional stress field in the matrix as it micro- 
buckles; the stress fields can interact if the fibres are 
close enough together. It is hypothesized that when 
this occurs, the configuration corresponding to the 
energy minimum will be co-operative microbuckling 
in the common plane. It follows that the controlling 
stress componen t  is the in-plane shear stress, zxz, 
in the coordinate system shown schematically in 
Fig. 9. 

The stress overlap between two fibres can be char- 
acterized by the stress at the midpoint between the 
two fibres because of the symmetry of the stress distid- 
bution. As a consequence, the stress overlap criterion 
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Figure 8 Calculated compressive strength as a function of fibre 
separation for Rosen's shear co-operative (---) and transverse co- 
operative (--) modes for a composite with modulus ratio 
E f / E  m = 9 6 0 .  

Figure 6 Co-operative fibre microbuckling in a composite with 
three fibres in a triangular array. The modulus ratio was 
El~Era = 960 and the strain was 6% remote compression. 

(a) l 

Figure 7 Sketches of Rosen's proposed two-dimensional micro- 
buckling modes [3]: (a) shear co-operative and (b) transverse co- 
operative. 

z 

]) 
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Figure 9 Coordinate system used to calculate stresses in the matrix 
surrounding the fibre. The fibre is oriented along the z-axis and the 
microbuckting plane is the xz plane. 

for cooperative microbuckling can be stated as 

amplitude of stress at mid-distance 
= k (4) 

amplitude of  stress at fibre surface 

where k is some constant which takes the critical value 
k* at the transition. For  a given k, Equation 4 is an 
implicit  relationship between D/d and the material 
properties. From'4he experimental observations fo r  
our system, it is seen that the transition from co- 
operative to non-co~operative microbuckling occurs 
at large D*/d, the critical fibre separation distance 
normalized to the fibre diameter. In this limit, the only 
length scale involved in the system is Xo so that the 
stresses at any given distance D from one fibre 
are a function of D/Xo only. Thus the k* criterion 
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Figure ll Fit of stress overlap criterion for the transition from 
co-operative to non-co-operative microbuckling to the experi- 
mental data. The dashed line indicates the scaling law which passes 
through the origin. 

translates into a proportionality between D* and Xo. 
By changing the test temperature, values of D*/d were 
obtained for four modulus ratios as in Fig. 10. At the 
large modulus  ratios of this system, D* appears to 
scale with Xo as indicated by the line which passes 
through the origin (Fig. 11). 

However, to.fully define the dependency of D* on 
the modulus ratio for all cases, it is necessary to 
consider the full stress distribution around the fibre 
at the instability threshold. Using the results of 
Sadowsky et al. [7], the amplitudes of the stresses at 
the moment of the microbuckling instability were cal- 
culated numerically as a function of location and 
material properties. The calculated distribution for the 
in-plane shear stress, "Cxz, from a single fibre at distan- 
ces of r = 3d, 6d and 12d is shown in Fig. 12(a) for 
a modulus ratio of 960. This is compared with the 
out-of-plane shear stress, "Cyx, in Fig. 12(b) at the same 
distances. The out-of-plane shear stress is very small 
compared to the in-plane shear stress. Observation of 
birefringence only in the in-plane direction and not in 
the out-of-plane direction is consistent with these cal- 
culations. The in-plane compressive stress, ~z, is given 
in Fig. 12(c). In contrast to the in-plane shear stress, 
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Figure 12 Calculations of the amplitudes of the stresses around 
a fibre at the moment  of the instability for a modulus  ratio 
Er/Em = 960 at various distances r from the fibre: (a) the in-plane 
shear stress zxz, (b) the out-of-plane shear stress zy~, and (c) the 
in-plane tensile-compressive stress (x~. 

cyz is much smaller in magnitude and does not change 
rapidly with distance from the fibre. These compari- 
sons of the stresses at the moment of microbuckling 
indicate that the in-plane shear stress plays a key role 
in determining the stress overlap criterion for co- 
operative fibre microbuckling. This conclusion is sup- 
ported by the appearance of overlapping birefringence 
patterns in the common plane as the first indication of 
co-operative microbuckling. 

Within the limits of linear elastic theory, it is pos- 
sible to add the r~z stress tensors generated by the two 
fibres and to calculate k* numerically from experi- 
mental D*/d values. This procedure gave an average 
value of k* = 0.3. This result was found to be insensi- 
tive to Poisson's ratio, v, for both fibre and matrix. In 
all reported calculations a value of v = 0.33 was used. 
To demonstrate the sensitivity of k*, the experimental 
data are compared with calculations for three values 
of k in Fig. 11. In this range of large Xo, the relation- 
ship between D* and X0 is nearly linear for a given k. 
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Figure 14 Stability map at low modulus ratios where transverse 
co-operative microbuckling may be possible. 

Non-linearity at smaller Xo is shown by the extension 
of the k* = 0.3 curve in Fig. 11. Although the value of 
k*=  0.3 fits the data well, the scaling relationship 
shown by the dashed line provides an excellent 
approximation for predicting D* from Xo without the 
need for lengthy calculations of the shear stress. 

According to this stress overlap criterion with 
k*=  0.3 the transition from co-operative to non- 
co-operative microbuckling as a function of modulus 
ratio can be predicted by calculating for a given sys- 
tem D*/d as a function of modulus ratio, El~Era. Con- 
sidering again Rosen's predicted transition from shear 
co-operative to transverse co-operative microbuck- 
ling, a stability map that incorporates all three 
modes can be constructed as shown in Fig. 13. When 

the co-operative to non-co-operative microbuckling 
transition is compared with the predicted transition 
from shear co-operative to transverse co-operative 
microbuckling, it is evident that non-co-operative 
microbuckling occurs before the predicted transition 
to transverse co-operative microbuckling. Even 
though the linearity assumptions may break down at 
low modulus ratios, extrapolation to this regime sug- 
gests that the transition from shear co-operative to 
transverse co-operative mode would be observed only 
at very low E~/Em ratios where D* is very small, as 
shown in Fig. 14. This would require very special and 
unusual circumstances. 

4. S u m m a r y  
A three-dimensional composite with two fibres in 
a transparent, elastomeric matrix permitted observa- 
tion of fibre microbuckling during compressive 
deformation. The microbuckling of the fibres was 
sinusoidal, and had a unique ;% characteristic of the 
fibre diameter and the modulus ratio of the fibre 
and matrix. Both co-operative and non-co-operative 
microbuckling modes were observed as a function of 
the fibre separation distance. It was proposed that 
co-operative microbuckling is governed by interaction 
of the in-plane shear stress fields surrounding the 
fibres. This formed the basis of a stress overlap cri- 
terion for the transition from co-operative to non- 
co-operative microbuckling. 
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